We study bifurcations of cubic homoclinic tangencies in two-dimensional symplectic maps. We distinguish two types of cubic homoclinic tangencies, and each type gives different first return maps derived to diverse conservative cubic Hénon maps with quite different bifurcation diagrams. In this way, we establish the structure of bifurcations of periodic orbits in two parameter general unfoldings generalizing to the conservative case the results previously obtained for the dissipative case. We also consider the problem of 1:4 resonance for the conservative cubic Hénon maps.
Introduction and main results
Homoclinic tangencies, i.e. tangencies between stable and unstable invariant manifolds of the same saddle periodic orbit, play a very important role in the theory of dynamical chaos. Starting with the works by Smale and Shilnikov [Sma65, Shi67] (and in the ideological sense as far back as with the memoirs by Poincaré and Birkhoff [Poi90, Poi99, Bir35] ), the existence of transversal homoclinic intersections is considered as the universal criterium of the complexity of dynamical systems. At the same time, the presence of non-transversal homoclinic orbits (homoclinic tangencies) indicates an extraordinary richness of bifurcations of such systems and, what is very important, the principal impossibility of providing of a complete description of bifurcations of such systems within framework of finite parameter families, [GST93, GST99, Kal00, DN05, GST07]. Therefore, when studying homoclinic bifurcations, the main problems are related to the analysis of their principal bifurcations and characteristic properties of dynamics as a whole.
One of the important properties of homoclinic tangencies is that they can freely produce homoclinic and heteroclinic tangencies of higher orders [GST93, GST96, GST99, GST07] . In particular, in a two parameter family which unfolds generally a quadratic homoclinic tangency, cubic homoclinic tangencies appear unavoidably. This means that the study of bifurcations of cubic homoclinic tangencies itself becomes an important problem. Moreover, cubic homoclinic tangencies can play an independent role when studying global bifurcations in many dynamical models. For example, such tangencies appear naturally in the problem on periodically perturbed two-dimensional flows with a homoclinic figure-eight of a saddle equilibrium [GSV13] , where the corresponding bifurcation points of codimension two give rise to the curves of quadratic homoclinic tangencies forming (non-smooth) boundaries of homoclinic zones. Moreover, bifurcations of cubic tangencies lead to the appearance of specific windows of stability (i.e. parameter domains corre- sponding to the existence of stable periodic orbits) which are well observable during numerical explorations, [GSV13] , unlike the windows produced by quadratic homoclinic tangencies.
In fact, bifurcations of cubic homoclinic tangencies were studied first in [Gon85] for the sectionally dissipative case (when a saddle periodic orbit has eigenvalues λ 1 , . . . , λ n , γ such that |γ| > 1 > |λ| = max i |λ i | and σ = |λγ| < 1), see also [GST96, GSV13, Tat92] . Note that in [Gon85] the two main cases were considered when the leading stable eigenvalue is real (i.e. |λ 1 | > |λ i |, i = 2, . . . , n,) and the two leading eigenvalues are complex conjugate (i.e. λ 1,2 = ρe ±iϕ , ϕ = 0, π, and ρ > |λ i |, i = 3, . . . , n). The main attention in [Gon85] was focused on the study of bifurcations of single-round periodic orbits, i.e. periodic orbits which pass a neighborhood of the homoclinic orbit only once.
In the present paper we study bifurcations of single-round periodic orbits in the case of two-dimensional symplectic maps with cubic homoclinic tangencies. We put emphasis on bifurcations leading to the birth of elliptic periodic orbits. The main results can be briefly formulated as follows Theorem 1. Let f µ , µ = (µ 1 , µ 2 ), be a two parameter family of symplectic maps unfolding generally the cubic homoclinic tangency to the saddle fixed point O with eigenvalues λ and λ −1 , where |λ| < 1. Let V be a small neighborhood of the origin in the (µ 1 , µ 2 )-plane. Then the following holds 1. In V , there exists a bifurcation curve (semicubical parabola) H 0 with the cusp-point µ = (0, 0) such that for µ ∈ H 0 \ {(0, 0)}, map f µ has a quadratic homoclinic tangency branched from the initial cubic tangency.
2. In V , there exists an infinite sequence of elliptic zones E k accumulated to H 0 as k → ∞ such that for µ ∈ E k , map f µ has an elliptic single-round orbit of period k. The boundary of E k consists of curves L The elliptic orbit is generic for all values of µ ∈ E k , except for those belonging to the strong 1:3 and 1:4 resonance curves L 2π/3 k and L π/2 k (the orbit has eigenvalues e ±i2π/3 and e ±iπ/2 ) and the non-twist curve L An illustration to Theorem 1 is shown in Figure 2 . We see that the bifurcation diagrams for single-round periodic orbits are different in the cases (a) λ > 0 and the tangency is incoming from below; (b) λ > 0 and the tangency is incoming from above; (c) λ < 0. Correspondingly, we label zones E k as E + k (squids) in the case (a) and E − k (cockroaches) in the case (b). Notice that in the case λ < 0 zones E k of different types alternate depending on the parity of k, and, therefore, for more definiteness, we enumerate these zones as E + 2m , E − 2m+1 , .... We prove Theorem 1 at the end of Section 2 (item 1) and Section 3 (item 2). The proof of item 2 of Theorem 1 is mainly based on the rescaling results of Lemma 4 which show that the corresponding first return map T k can be brought, by linear changes of coordinates and parameters, to a regular map asymptotically close as k → ∞ to the conservative cubic Hénon map of the form (1) with J = 1. Moreover, we obtain map C 1 + in the case of incoming from below tangency and map C 1 − in the case of incoming from above tangency (in the case λ < 0, maps C 1 + and C 1 − appear, respectively, for even and odd numbers k). Bifurcations of fixed points and accompanied bifurcations of 2-periodic orbits for these conservative cubic Hénon maps are described in Section 3.1. The corresponding bifurcation diagrams are shown in Figures 5 and 6 for the maps C 1 + and C 1 − , respectively. We also give the analytical expressions for the corresponding bifurcation curves, see formulas (16). After this, the proof of Theorem 1 becomes quite straightforward, see Section 3.3.
Note that in the symplectic case, one of the main questions when studying elliptic points is related to their generic properties. In the case of the conservative Hénon mapx = y,ȳ = M − x − y 2 , the problem of genericity (stability) of elliptic fixed points was completely solved in [Bir87] , see also [SV09] . Concerning the conservative cubic Hénon maps, the problem of genericity (stability) of fixed elliptic points has been (almost completely) solved in [DM00] , where conditions for the KAM-stability of these points were obtained. Note also that bifurcations of lower-periodic orbits (of period 1, 2, 3) were also studied in [DM00] .
Concerning 4-periodic orbits, in Section 4 we carry out the corresponding bifurcation analysis paying main attention to those phenomena which are connected with the peculiarities of bifurcations of fixed points with eigenvalues e ±iπ/2 , i.e. 1:4 resonance. We perform this study separately for map C Note that the main complex local normal form of a map having a fixed point with eigenvalues e ±iπ/2 can be written as follows, [Arn96] ,
where β is a parameter characterizing deviation of the angle argument ϕ of eigenvalues of the fixed point from π/2 (ϕ = β + π/2), the coefficients B 1 := B 1 (β) and B 03 := B 03 (β) are real and smoothly depend on β. Then the following conditions, [Arn96] ,
imply that bifurcations of the fixed point in (2) are nondegenerate.
We show that conditions (3) can be violated for both maps C 1 + and C 1 − . Namely, the case B 03 = 0 occurs for map C 1 + and the equality A = 1 can hold for map C 1 − . This means that the structure of 1:4 resonance is different in these maps and we study the accompanied bifurcation phenomena in the present paper.
Remark 1. As far as we know, the case B 03 = 0, when the fixed point in the normal form (2) is a nonlinear center (map (2) without O(|z| 5 ) terms is a nonlinear rotation) was not considered before. Nevertheless, this case is very interesting from various points of view. In particular, the problem of the existence of quasi-central elliptic points in reversible analytical maps is very important. Here, bifurcations of such points (when the map is not conservative) lead to the birth of pairs of periodic orbits sink-source and, as a consequence, to the break-down of conservativity and appearance of the so-called mixed dynamics [GST97, LS04, DGGLS13] even inside symmetric elliptic islands [GLRT14] .
Remark 2. The case A = 1 of 1:4 resonance was considered in [Bir87] for the conservative Hénon map, see also [SV09] . However, for the cubic Hénon map C 1 − , the case A = 1 is of another (more complicated) structure. In particular, proper bifurcations of a fixed point with eigenvalues e ±iπ/2 are replaced here by extrinsic bifurcations of some 4-periodic orbits (thus, 1:4 resonance demonstrates certain non-twist properties).
In the present paper we only study the most interesting and principal peculiarities of 1:4 resonance in maps C 1 + and C 1 − . In addition to the analytical considerations, we also display certain numerical results in Figures 9 and 11 . We plan to continue to study this in more detail in the nearest future.
The paper is organized as follows. In Section 2 we start with the statement of the problem and also present the results on the normal forms of symplectic saddle maps (Lemmas 1 and 2) and the normal form of global map T 1 defined near a homoclinic point (Lemma 3). We also prove item 1 of Theorem 1 in Section 2, see Proposition 1. In Section 3 we complete the proof of Theorem 1. The main technical result there is the Rescaling Lemma, Lemma 4, which shows that the first return maps can be written, in some rescaling coordinates, as maps asymptotically close to the conservative cubic Hénon maps C 1 + and C 1 − . Once we know the structure of bifurcations of fixed points in these maps we can easily recover bifurcations of single-round periodic orbits and, hence, prove the theorem. In Section 4 we consider the problem on the structure of 1:4 resonance in maps C 
Statement of the problem.
Let f 0 be a C r -smooth, r ≥ 5, two-dimensional symplectic diffeomorphism which satisfies the following conditions:
(A) f 0 has a saddle fixed point O with eigenvalues λ and λ −1 , where |λ| < 1;
(B) the invariant manifolds W u (O) and W s (O) have a cubic homoclinic tangency at the points of some homoclinic orbit Γ 0 .
We distinguish two types of cubic tangencies of W u (O) and W s (O) at a homoclinic point: the tangency of first type (incoming from above) and the tangency of the second type (incoming from below). Both these types are shown in Figure 1 . When the eigenvalue λ is positive the type of tangency remains the same for all points of the homoclinic orbit. However, if λ is negative the incoming from above and incoming from below tangencies alternate from point to point.
Let H 2 be a (codimension two) bifurcation surface composed of symplectic C r -maps close to f 0 and such that every map of H 2 has a close to Γ 0 homoclinic orbit at whose points the manifolds W u (O) and W s (O) have a cubic 
tangency. Let f ε be a family of symplectic C r -maps that contains map f 0 at ε = 0. We suppose that the family depends smoothly on parameter ε and satisfies the following condition:
(C) the family f ε is transverse to H 2 at ε = 0.
It is natural to assume that condition C holds for a two parameter family f ε , where ε = (µ 1 , µ 2 ) and µ 1 and µ 2 are some parameters which split generally the initial cubic tangency of the manifolds W u (O) and W s (O) at some homoclinic point. We consider this question in more detail when proving Lemma 3 and we deduce that, without loss of generality, one can assume that ε ∈ R 2 .
Let U be a sufficiently small fixed neighborhood of O ∪ Γ 0 . It consists of a small disk U 0 containing O and a number of small disks u i , i = 1, 2, . . . , surrounding those points of Γ 0 that do not lie in U 0 (see Figure 3 (a)). We call a periodic or homoclinic to O orbit entirely lying in U to be p-round if it has exactly p intersection points with every disk u i . For p = 1 and p = 2, we use the terms single-round and double-round orbits, respectively.
In the present paper we study bifurcations of single-round periodic orbits in the families f ε (we keep in mind that ε = (µ 1 , µ 2 )). Note that every point of such an orbit can be considered as a fixed point of the corresponding first return map. Such a map is usually constructed as a superposition
with an integer q and maps a small neighborhood
Thus, any fixed point of T k is a point of a single-round periodic orbit of period k + q for f ε .
In order to study maps T k for all sufficiently large integer k, it is very important to have good coordinate representations for both maps T 0 and T 1 , especially it concerns local map T 0 and its iterations T k 0 for large k. We use in U 0 the canonical coordinates (x, y) given by the following lemma.
Lemma 1. [GG09]
For any given integer n (such that n < r/2 or n is arbitrary for r = ∞ or r = ω (the real analytic case)), there is a canonical change of coordinates, of class C r for n = 1 or C r−2n for n ≥ 2, that brings T 0 to the following form
where M n (xy) = 1 + β 1 · xy + · · · + β n · (xy) n and β i are the Birkhoff coefficients.
The normal forms (4) are very suitable for effective calculations of maps T k 0 : (x 0 , y 0 ) → (x k , y k ) with sufficiently large integer k. Thus, the following result is valid.
Lemma 2. [GG09]
Let T 0 be given by (4), then map T k 0 can be written, for any integer k, as follows
where
. . , n, are some i-th degree polynomials of k with coefficients depending on β 1 , . . . , β i , and the functions P
are uniformly bounded in k along with all their derivatives by coordinates up to order either (r − 2) for n = 1 or (r − 2n − 1) for n ≥ 2.
Remark 3. The main case n = 1 of Lemmas 1 and 2, related to the so-called main normal form of a saddle map, was proved in the papers [GS00, GST07] . Analogues of Lemmas 1 and 2 in the case of area-preserving and orientationreversing maps were proved in [DGG15] .
Remark 4. Normal form (4) can be considered as a certain finitely smooth approximation of the following analytical
which takes place for
. Accordingly, relation (5) looks as a very good approximation for the corresponding formulas in the analytical case, [GS97] ,
In the coordinates of Lemma 1, we have that
Without loss of generality, we assume that x + > 0 and y − > 0. Let neighborhoods Π + and Π − of the homoclinic points M + and M − , respectively, be sufficiently small such that
Then, as usually (see e.g. [GS73] ), the successor map from Π + into Π − by orbits of T 0 is defined, for all sufficiently small ε, on the set consisting of infinitely many strips σ 
where F (0, 0, 0) = 0, G(0, 0, 0) = 0 and
These relations follow from condition (B), which means that for ε = 0 curve
} has a cubic tangency with W s loc : {ȳ = 0} at M + . When the parameters vary, this tangency can split and, by condition (C), family (7) unfolds generally the initial cubic tangency. In this case, global map T 1 can be written in a certain normal form that the following lemma shows.
Lemma 3. If condition (C) holds, then map T 1 (ε) can be brought to the following form
where b(ε)c(ε) ≡ −1 and the coefficients a, b, c, d as well as x + , y − depend smoothly (with the same smoothness as for the initial map (7)) on new parameters ε such that µ 1 ≡ ε 1 and µ 2 ≡ ε 2 (the other parameters are not essential). 
, we obtain that
where E i (0) = 0. Hence, map T 1 (ε) can be written in the following form
Then the equation of the piece of T 1 (W u loc ) in Π + has the following form
Condition (C) implies that E i (0) = 0, E ′ i (0) = 0 and the coefficients E 1 (ε) and E 2 (ε) can take any values from the ball ε ≤ δ 0 , where δ 0 > 0 is a small constant. Thus, the system µ 1 = E 1 (ε), µ 2 = E 2 (ε) has always a solution and we can consider µ 1 and µ 2 as new parameters.
Due to Lemma 3, we can consider directly two parameter families f µ1,µ2 of symplectic maps. It is easy to see from (9) that µ 1 and µ 2 are the splitting parameters of the manifolds W s (O ε ) and W u (O ε ) with respect to the homoclinic point M + . Indeed, by (10), curve l u = T 1 (W u loc ∩ Π − ) has the equation
Thus, family f µ1,µ2 is a general two parameter unfolding of the initial cubic tangency which occurs for µ 1 = µ 2 = 0. For any such unfolding, curves W s loc and T 1 (W u loc ) must have a quadratic tangency for certain values of µ 1 and µ 2 . It is true that for our family the following result, which implies item 1 of Theorem 1, holds. Proposition 1. In the (µ 1 , µ 2 )-parameter plane, there exists a bifurcation curve H 0 :
(see Figure 4 ) such that for µ ∈ H 0 , map f µ has a close to Γ 0 homoclinic orbit with a quadratic tangency of the manifolds
Proof
We solve the second equation for (x − x + ), put it into the first equation, and we obtain the equation of curve H 0 . Note that the tangency is always quadratic except for the case x − x + = 0 which corresponds to a cubic tangency at µ 1 = µ 2 = 0.
On bifurcations of single-round periodic orbits
The main goal in the present paper is to study bifurcations of single-round periodic orbits of family f µ1,µ2 . As said above, it is equivalent to the study of bifurcations of fixed points in the first return maps T k = T 1 T k 0 for every sufficiently large integer k (k = k 0 , k 0 + 1, . . .). We apply the rescaling method in order to find the rescaled normal forms for these maps in the following lemma.
Lemma 4. [Rescaling Lemma for cubic homoclinic tangencies]
For every sufficiently large k, the first return map T k can be brought, by a linear transformation of coordinates and parameters, to the following formx
and f 11 = G xy (0).
Proof. By Lemmas 2 and 3, the first return map T k = T 1 T k 0 can be written as follows
We shift the coordinates,
and f 12 = 1 2 G xy 2 (0). Then system (14) is rewritten as follows
where ρ 1,2 k = O kλ 2k are small coefficients. Here the first equation of (15) does not contain constant terms and the quadratic term in η 2 vanishes in the second equation.
Finally, by means of the coordinate rescaling
|d| y we bring map (15) to the required form (12). 
The description of bifurcations of fixed points in the cubic Hénon maps
where + has a unique fixed point p 1 which is a saddle-plus (with eigenvalues λ and λ −1 , where 0 < λ < 1). The transition 1 ⇒ 2 corresponds to the birth of two (saddle and elliptic) fixed points. At (M 1 , M 2 ) = b 1 , the fixed point p 1 is a non-hyperbolic saddle with double eigenvalue +1, and then this point falls into three (two saddle and one elliptic) fixed points in domain 2 under a conservative pitch-fork bifurcation. The transition 2 ⇒ 3 corresponds to a nondegenerate period doubling bifurcation of the elliptic fixed point. Thus, for region 3, map C 1 + has three saddle (two saddle-plus and one saddle-minus) fixed points and one elliptic 2-periodic orbit. Further primary bifurcations, when crossing curves L + 2 and L − 2 , are related to conservative fold and period doubling bifurcations of 2-periodic orbits, respectively, and we do not discuss them here (see more details in [GK88, DM00] ).
Bifurcation scenario in map C 1 − , see Figure 6 . Bifurcation curves (16) with ν = −1 divide the (M 1 , M 2 )-parameter plane into 15 regions including the regions 1, 2, 4, 6 and 7 which are symmetric with respect to the M 2 -axis, while the other regions are pairwise symmetric (e.g 3 and 3). For (M 1 , M 2 ) belonging to region 1, map C 1 − has a unique fixed point q 1 which is a saddle-minus (with eigenvalues λ and λ −1 , where −1 < λ < 0). The transition 1 ⇒ 2 through the segment (b 1 , b ′ 1 ) of curve L − corresponds to a subcritical period doubling bifurcation with the point q 1 : the point becomes elliptic and a saddle 2-periodic orbit emerges in its neighborhood. The transition 1 ⇒ 3 (and symmetrically 1 ⇒ 3) corresponds to a nondegenerate conservative fold bifurcation under which saddle and elliptic 2-periodic orbits are born. The transition 3 ⇒ 2 (as well as 3 ⇒ 2) corresponds to a supercritical period doubling bifurcation under which the elliptic 2-periodic orbit merges with the saddle fixed point and becomes an elliptic fixed point. Thus, in domain 2, map C 1 − has an elliptic fixed point and a saddle 2-periodic orbit. The transitions 3 → 3 ′ , 5 → 5 ′ and 6 → 6 ′ (and, symmetrically, 3 → 3 ′ , 5 → 5 ′ and 6 → 6 ′ ) correspond to a period doubling of the elliptic 2-periodic orbit (it becomes a saddle 2-periodic orbit and an elliptic 4-periodic orbit is born in its neighborhood). We also illustrate bifurcations occurring at a passage around the point b 1 in Figure 7 Figure 6 . Region HZ (homo/heteroclinic zone) corresponds to the values of (M 1 , M 2 ) where the invariant manifolds of all saddles intersect. In a rough approximation, these bifurcations are similar to those of a two-dimensional Hamiltonian system whose potential function is symmetric and changes as shown. a conservative fold bifurcation. Thus, in region 4, map C 1 − has three fixed points, two elliptic and one saddle. The elliptic fixed points undergo a period doubling bifurcation at transitions 4 ⇒ 5 and 5 ′ ⇒ 6 ′ -for one of the points, or 4 ⇒ 5 and 5 ′ ⇒ 6 ′ -for the other point. We note that for (M 1 , M 2 ) = b 2 , there exists a triple (of elliptic type) fixed point which splits into three (two elliptic and one saddle) fixed points in region 4.
3.2 On genericity of elliptic fixed points for the conservative cubic Hénon maps. 
the first Birkhoff coefficient B 1 is nonzero. Note that if an elliptic point is generic, then it is stable. However, nongeneric elliptic points can be both stable (of elliptic type) and unstable (of saddle type, for example, a saddle with 6 or 8 separatrices if ϕ = 2π/3 or ϕ = π/2).
The following curve
in the (M 1 , M 2 )-parameter plane defines those parameter values where map C 1 ± has a fixed point E ϕ with eigenvalues e ±iϕ with 0 < ϕ < π. Accordingly, curves L 2π/3 and L π/2 of strong 1:3 and 1:4 resonances are resulted from (18) for cos ϕ = 0 and cos ϕ = −1/2, respectively.
To find the conditions when the point E ϕ is non-generic, i.e. B 1 (E ϕ ) = 0, we use the formula for B 1 from [RT99] . This point corresponds to the existence of a fixed point with eigenvalues e ±i2π/3 (1:3 resonance), which is KAM-stable in this case, [DM00] . Note that, in the case of map C 
End of proof of Theorem 1
Now we can complete the proof of Theorem 1. Indeed, we only need to translate the results on the bifurcation diagrams obtained in the (M 1 , M 2 )-plane for the rescaling maps C 1 + and C 1 − into the initial (µ 1 , µ 2 )-parameter plane. We can easily make this using relations (13) between the initial and rescaling parameters. Then, using equations (16) 
, we obtain the following equations for the curves in the (µ 1 , µ 2 )-plane, where ν = sign(dλ k ),
Analogous formulas can be obtained for the other bifurcation curves, given in (16), (18) for ϕ = π/2, 2π/3, and (20). This completes the proof of Theorem 1.
On 1:resonance in the cubic Hénon maps
The structure of the strong 1:3 resonance, i.e. the structure of bifurcations related to the existence of fixed points with eigenvalues e ±i2π/3 , in the case of cubic maps C 1 + and C 1 − was studied in [DM00] . In this section we analyze bifurcations related to the existence of fixed points with eigenvalues e ±iπ/2 (the main 1:4 resonance) in maps C 1 + and C 1 − . We find conditions of nondegeneracy of the corresponding resonances and give a description of accompanying bifurcations including the main bifurcations in the degenerate cases.
Among the latter bifurcations we pay main attention to bifurcations of symmetric 4-periodic points, i.e. such 4-periodic orbits which has two points on the symmetry line R : {x = y}. We will call such orbits R-symmetric.
Note that both maps C 1 + and C 1 − are reversible with respect to the involution L : {x → y, y → x}, i.e. the maps preserve the form if one makes the coordinate change L and consider the inverse map. The line R is the line of fixed points of involution L and, thus, R-symmetric periodic orbits can undergo nondegenerate bifurcations of two types: symmetry preserving parabolic (hold) bifurcations and symmetry breaking pitch-fork bifurcations. In the conservative case, there are two types of pitch-fork bifurcations: (i) when a symmetric elliptic fixed (periodic) point becomes a symmetric saddle fixed point and a pair of elliptic fixed points (symmetric each other with respect to R) is born, and (ii) when a symmetric saddle fixed (periodic) point becomes a symmetric elliptic fixed point and a pair of symmetric each other saddle fixed points is born.
We note that, in the case under consideration, there are nonsymmetric 4-periodic orbits whose structure and bifurcations can be important to understand some thin details of 1:4 resonance. In this case, we study these orbits only numerically. 
Its equation is obtained from (18) with the sign "+" and cos ϕ = 0.
It was found in [Gon05] that the complex local normal form (2) near such a point has the following coefficients
and, thus, in (3)
Since 
This equation is obtained from (18) with the sign "−" and cos ϕ = 0.
Note that curve L − π/2 has a self-intersection point (M 1 = 0, M 2 = 3), and only in this moment the map has simultaneously two fixed points with eigenvalues e ±iπ/2 . The coefficients of the local complex normal form (2) are, [Gon05] ,
we have B 03 < 0 and
Thus, both cases A > 1 (when 0 ≤ M 2 < 1/3) and A < 1 (when M 2 > 1/3) are possible here. In L connected with the reconstruction of a saddle 4-periodic orbit (as at the transition between the domains II and III from the bifurcation diagram of Figure 11 ).
In the degenerate case A = 1, the main bifurcations can be described by means of a two parameter family of the Hamiltonian systemζ = iβζ + i(1 + µ)ζ|ζ| 2 + iζ * 3 + iB 2 |ζ| 4 ζ + iC|ζ| 2 ζ * 3 + O(|ζ| 7 ),
where β and µ are parameters, B 2 and C are real coefficients, see more details in [Bir87, GG14, SV09] . The typical bifurcation diagram 2 for family (24) is shown in Figure 11 . It contains three bifurcation curves which divide the (β, µ)-parameter plane into 3 domains. Crossing the curves L 1 : {β = 0, µ > 0} and L 2 : {β = 0, µ < 0} corresponds to the reconstruction of nonzero saddle equilibria. Curve L 3 corresponds to the appearance of 4 nonzero parabolic equilibria (this bifurcation is nondegenerate for the family (24) since it is invariant under rotation by angle π/2). Note that the trivial equilibrium is a nondegenerate conservative center for β = 0; it is a degenerate conservative center for (β, µ) ∈ L 2 and a saddle with 8 separatrices for (β, µ) ∈ L 1 . 
Concerning map C
Curves (25) correspond to nondegenerate parabolic bifurcations for R-symmetric 4-periodic orbits. The birth of a pair of saddle and elliptic 4-periodic orbits occurs at upward crossing these curves. Curves L 
